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1 magneteohydrodynamic

1.1 Parameters

Mass density:

ρ≡ neme +nimi ≈ n(ne +ni)

Fluid velocity:

ū ≡ 1
ρ
(nemeue +nimiui)≈

meue +miui

me +mi

Current density:

j ≡ e(miui −neue)≈ ne(ui −ue)

1.2 Continuity equation

∂ni

∂t
+∇(niui) = 0

∣∣∣∣ ·mi

∂ne

∂t
+∇(neue) = 0

∣∣∣∣ ·me

Add

∂

∂t
(neme +nimi)︸            ︷︷            ︸

ρ

+∇(nemeue +nimiui)︸                  ︷︷                  ︸
ρū

= 0
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∂ρ

∂t
+∇ · (ρū) = 0.

1.3 Momentum equation

Momentum equations for electron and ion fluids:

∂

∂t
me neue +me ne(ue ·∇)ue︸              ︷︷              ︸

≈0

=−ene me (E+ue ×B)+ne me g−∇pe +Pei (1)

∂

∂t
mi niui +mi ni(ui ·∇)ui︸            ︷︷            ︸

≈0

= eni mi (E+ui ×B)+ni mi g−∇pi +Pie (2)

Gravity is just a placeholder for any non-magnetic force. Pei = −Pie describes the
friction between the fluids. Add Eqs. (1) and (2) gives

n
∂

∂t
(mi ui +me ue) = en(ui −ue)×B−∇p+n(mi +me)g. (3)

The electric field cancels due to quasi neutrality. The resulting MHD momentum
equation is then

ρ
∂ū
∂t

= j×B−∇p+ ρg.

We have lost any dependence on the friction term, which we need to recover. Obviously,
we need another equation.

1.4 Generalized Ohm’s law

We start again with the fluid momentum equations,

∂

∂t
mi niui =+ eni mi (E+ui ×B)+ni mi g−∇pi +Pie

∣∣∣∣ ·me

∂

∂t
me neue =− ene me (E+ue ×B)+ne me g−∇pe +Pei

∣∣∣∣ ·mi

but this time we subtract them

mimen
∂

∂t
(ui −ue) =en(me +mi)E+ en(meui +miue)×B

−me∇pi +mi∇pe − (me +mi)Pei
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We will derive an expression for Pie later of this semester. For now we note that

Pei ∼ Coulomb force ∼ e2

Pei ∼ ne and ni ∼ n2

Pei ∼ relative velocities ∼ (ui −ue)

and thus

Pei = ηe2n2(ui −ue),

where the proportionality constant is the resistivity. Now

mimen
e

∂

∂t

(
j
n

)
=eρE+ en(miue +meui)×B

−me∇pi +mi∇pe − (me +mi)ηen j

Using that

meui +miue = miui +meue +mi(ue −ui)+me(ui −ue)

=
ρ

n
ū− (mi −me)

j
ne

and hence

mimen
e

∂

∂t

(
j
n

)
=eρE+ eρ ū×B− (mi −me)j×B

−me∇pi +mi∇pe − ρeηj

After dividing by ρe and rearranging terms

E+ ū×B−ηj =
1
eρ

{
mimen

e
∂

∂t

(
j
n

)
+(mi −me)j×B+me∇pi −mi∇pe

}
For MHD approximation we assume slow enough motions for ∂

∂t to be neglected.
Slow enough means slower than ω−1

c . We also take the limit mi � mi and get the
generalized Ohm’s law

E+ ū×B = ηj+
1

en
(j×B−∇pe) .

For many plasma’s the term in the brackets can be neglected

E+ ū×B = ηj.

The case of η= 0 is called ideal MHD.
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1.5 The Magnetohydrodynamics (MHD) equations

Continuity equation:

∂ρ

∂t
+∇ · (ρū) = 0 (4)

Pressure:

pV γ = const. (5)

Momentum equation

ρ
∂ū
∂t

= j×B−∇p+ ρg (6)

Generalized Ohm’s law

E+ ū×B = ηj (7)

Faraday’s law

∇×E =− ∂t
∂B

(8)

Ampere’s law

∇×B = µ0j (9)

Gauss’ law

∇ ·B = 0 (10)
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