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1 MAGNETEOHYDRODYNAMIC

1.1 Parameters

Mass density:
P = neme +nim; = n(ne +n;)

Fluid velocity:

meu, + m;u;
(nemen, + nymu;) ~ ———

1
u= -
P Mme +m;

Current density:

j=e(mu; —n.u,) ~ne(u; —u,)

1.2 Continuity equation

Add

0
3 (neme +nim;) +V (nomeue + nimin;) =0

(3 pu
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1.3 Momentum equation

Momentum equations for electron and ion fluids:

d
gmeneue—kmene(ue-V)ue =—en,me(E+u, xB)+n.m,g—Vp,+P; (1)
~—

~0
)
gminiui+mini(ui -V)u; =en;m;(E4+w; xB)+n;mig—Vp;+P, (2)
~0
Gravity is just a placeholder for any non-magnetic force. P,; = —P;, describes the

friction between the fluids. Add Egs. (1) and (2) gives

Jd
”g(milli +meu,) =en(u; —u,) x B—Vp+n(m;+m)g. 3)

The electric field cancels due to quasi neutrality. The resulting MHD momentum
equation is then

ou .
szJxB—Verpg-

We have lost any dependence on the friction term, which we need to recover. Obviously,
we need another equation.

1.4 Generalized Ohm’s law

We start again with the fluid momentum equations,

d
5 i =+ enim; (E+u; xB) +n;m;g—Vp;+Pe '-me

J
gmeneue =—en,m,(E+u, xB)+n,m,g—Vp,+P, '.mi

but this time we subtract them

0
mimen—(0; —u,) =en(m, +m;)E+en(m.u; + mpu,) x B

ot
—m,Vpi+mVp,— (m,+m;)P,
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We will derive an expression for P, later of this semester. For now we note that

P,; ~ Coulomb force ~ e’

P,; ~ n, and n; ~ n*
P,; ~ relative velocities ~ (u; —u,)
and thus
P, = ne’n’(u; —u,),
where the proportionality constant is the resistivity. Now

m;men 0

e ot

<J> =e pE + en(m;u, +m.u;) x B
n

—mVpi+mVp, — (m.+m;)nenj
Using that

meu; + mu, = m;u; + meu, + mi(ue - ll,') +m, (ui - ue)

B PN
—nu (m; me)ne
and hence
mimen 0 [ _ .
— | =) =epE X B —(m; — x B
. 8t<n> epE+epu (mj —m,)j

- mevpi + mivpe —pe 7].]

After dividing by pe and rearranging terms

_ . 1 (mmen o
E+u><B—r]J:ep{ p Bt(

J .

n) + (m;j —me)j x B+m,Vp; — mivpe}
For MHD approximation we assume slow enough motions for % to be neglected.
Slow enough means slower than w, '. We also take the limit m; > m; and get the
generalized Ohm’s law

1
E+ﬁxB:r|j+E(ij—Vp€).

For many plasma’s the term in the brackets can be neglected

E+iixB=nj|

The case of 1= 0 is called ideal MHD.
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1.5 The Magnetohydrodynamics (MHD) equations

Continuity equation:

% V- (pn) =0 @
Pressure:
pV7 = const. )
Momentum equation
P?;zij—prg (6)
Generalized Ohm’s law
E+uxB=nj @)
Faraday’s law
ViE=- 2 ®)
Ampere’s law
V x B = uoj )
Gauss’ law
V-B=0 (10)
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